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SYMBOLS 

Jott total pra*«ar« In pounds p«r cquar« foot 

«sblent static proaturo in pound« por tquar« foot 

nozzle baa« praaaur« in pounds per zquaro foot 

radius of curvature of the Jet in fast» asssured in a 
oerldien plena of the jet 

locsl aoa<ntua flux of the Jet per foot (curvilinear) 
length la pounds per foot * 

nozzla elcttu « above ground in feet 

lift par foot length of e two-dlnen»lone 1 nozzle 
in pounds pat  foot 

angle of divergence of the Jet fron the nozzle axis 
in degreea 

two-dimenalone1 nozzle width (distance between the 
exits) la feet 

augnentat*«« factor;  ratio of the total lift experieucefd 
by the nozzle to the total Jet nooentun flux 

distance of e point on the Jet sheet froa the nozzle 
axle»  in feet 

total lift in pounds 

totsl Jet nomentus flux in pounds 

distance of a point on the Jet sheet fron the nozzle 
plane    in feet 

curvilinear distance of a point on the Jet sheet froa 
the nozzle exit    in feet 

force acting on the nozzle base in pounds 

v. 
r/r. 

, ♦,,«.* -^ *-♦<■ — ... 
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SYMBOLS (coacl) 

p j/2rb 

a angle b«tv««n thm nozzle juclsi «nd « Iln« p*rp«ndicul«r 
Co th« ground    in d«gro*« 

S plan-view «r«a of th« uoxxl« baa« In «quar« feat 

C perimeter of Che nozzle bete in fecc 

Subscripts 

o condition« at Che nozzle exit 

c critical condition 

^   ■ 
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THEORY OF THE AMHÜIAR MOZZLB IH 

PROXIMITY TO THE CaWUHD 

H«rv«y R. Ch*pll« 

SUM4AKT 

A .i-pl. th^rr 1. pr...«.* for th. .££«* of grouM 

proxUlty .n th. f.rc. .ctin. on . .»tio-^T ^ con-lnln» 

. d«m.«<l-bl«.lM «onuUr «,«!. «»»d th. p.rlph.ry of it. 

h.,..    Th. «.»It. .r. f«.nd to b. I- .»r«.nt -1th «p.rl«nt.l 

dat«. 
IKTRODUCTIOM 

».f.r.«c. I pr...nt. «,.ri-.t.l dot. .hcing th.t, -h.« 

„ „»I« nottl. I. «h».t.d W-«« th. ground fro- . .hort 

dl.unc. .bov. th» ground, . po.ltlv. pr...ur. bnlld. up on th. 

b... «.. .ncl.«d br th. norrl. .o th.t th. bod, contolnlng th. 

not... «p«!««. « up-nrd fore. coa.ld.r.bl, gr-t.r th.« th. 

thru« of th. J.t lt«U.    A .tapl. ti-or, I. pr...nt.d in th. 

pr...nt r.port to .cc-nmt for th. ....ntt.l f«tnr.. of thl. 

ph«nore«noa. 
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AMALTSIS 

Tb* datalls of ft now Involving «a «Ir Jot with turbulont: 

«xpatulon «ad ontralnaenc of sacoi&dary air ara qulta coaylax 

and hava baaa •atlsfactorily approxlaatad aatbawitlcally in only 

a fav vary spacial ea«a«.    Tha aaliant proparty of a Jac, bovavtr, 

is lea aoMntua;  and aany problaat Involving Jet« can ba traatad 

•<clffac%orlty by taking account of tha aoaentvat oaly,  naglactlog 

tha othar fcatura« of tha Jat flow.    Thla tachniqua will ba 

amployad her«:     It will ba aaauaad that tha Jat ahaat la thin 

and nooalxlng. 

TWO-DIMENSIONAL CASE 

Conaldar a plata of width b and inflnlta langth to ba 

situated abova and parallel to tha.ground at an altitude h abova 

it, with a jet of noaantia j per unit langth being axhauatad 

vertically downward fron each edge of tha plata.    If these Jeta 

■tagnate on the ground, a preaaure equal to tha total preaaure, 

p.,  of the Jeta will tend to build up In tha apace eocloaed 

between then;  but when the preaaure Inside thla apace,  p ♦ Apf 

rises above tha aablent nreaaure, p, the Jeta will curve outward 

along an arc of radius R defined by tha balance of static and 

j AP - J/R 

centrifugal pressures 

t 
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P *Ap v/n 
777777777777777777 '////s///?/ '// 

AJ«UM that (p    " P) > J'    ■o*' if t > H,  thor« vill b« « «Mg- 

oatlon point on the ground and Ap «fill tend to rls« to 

dp - J • (p. - p| 

but this load« to • coati.adicr.lou of the «««uMption 

(Pj - P) > t > i 

Furthor, if R < ht th« space Is no longar anclosad and Ap will 

fall to ssro; but this loads to another contradiction« sine« 

R ►• ss Ap *0.  Clearly, th« only possibility is 

K - b 

in which case 

The total lift force,  1, experienced by «ach unit length of the 

plate is 

I • 2J + dp b 

- 2J  + Jb/h 

" 2J   ^ 2K75> 



•o that th« prlMury thrust, 3$, of th« J*t« Is «ugvsntsd by th« 

fsctor (1 4 ^7g)* I' th« Initial dlrsctls« of th* Jsts tm oot 

vsrticsllj dsvn, hut iacliosd «t sa sogls »    fro« ths vsreicsl. 

thso 

AP - J - i (I - •!» •.) 

1/ \-  r-7 
V^ 

I 

'—>—■ f—T—r—»—y—/ v / 
/   -   //        /■    //// 

>- 

>• 

1 

/ 
/», .Vivr.t* 

The total lift now beconas 

j(l - tin 9 y 
I - 2j co. eo ^ u 2- b 

and  the «ugatntation factor Is 

1 - iln • 
A - ij - co. eo +      g^ 

This  factor I. a naximuB whan 

0-0 . -tan 
0        0opt 

1/  I    \ 

y 

In which ca.s 

ft 
1 + 

\2ji :—"i—— 
1 ^ (2hA)* 
2hA 
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Th« «ugMmUitloa factor, together with ch« Talu«« of •        , !• 
opt 

plotted la Plfur« 1 for •    - 0 and •   - •        .    It la a««« that 

a cootldarabla advaataga accrua« fro« oparadng tha Jata at tha 

with tha Jet» at tha optlwa angla of -63.** aa cooparad to 3.00 

with tha Jats vartlcai.    Tha quastlon of Jat »tabillty should ba 

aenclonad at this point.    Rafaranca 1 raportad that whan tha 

annular noxzla t as tad was ralsad abova a car tain halght fro« 

tha ground, tha annular Jat "collapsed" Into a round Jat before 

striking tha ground,  In which case tha base axparlanced a nega- 

tive Ap, making the augnentatlon ratio leas than unity.    This 

phenomenon is certain to be Influenced by tha Jat angla, • . 

and nay have an important bearing on the extent to which tha 

theoretical advantage of operating at optimm 9   can be realised. 

This question will be discussed in s later section, but further 

experinental study will ba required to arrive et definite, 

reliable conclusions. 

It might also be well at this point to consider briefly 

the difference between the Idesl Jet flow (thin, nonnlxlng jet) 

which has been assunad, and tha flow which will exist In a real 

situation.    The principal difference arises fron tha tendency 

of the Jet to entrain the surrounding air into itself.    Thus, 

whereas the ideal Jet becones tangent to the ground without e 

*. 
\ 
'^ 
x 

t 

f 

optinna angle.    For rxaapla, with the plate at an altitude of -1 

one-quarter of the plate width tha augnentatlon factor la 4.24 j 

i 

,»\ >.■■?-■ ■ w-. 
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ÜAfßättmm point, tb» raal jmt will  ünplug« at a «ballow angl« 

•o that a part of tha Jat air 1« fad back into tha cavity to 

rap lac« tha air which 1« «ntrainad fro« tha cavity. 

P 

MCJ.' r/CH fxca: F/ri> 
Tha practical dJ.ff«r«ncc b«cwa«n tha raal and Ideal flow«, la 

torm« of tha ralation b«tw««n tha au&aantatlon ratio and h/b# 

will ba Mgligibl« «o long a« th« Impiogamcnt angla* •» 1« 

•«all. 

AXUALLY  SYMMETRIC CASE 

Consider • disc of radius r    to ba situated above and o 

parallel to th« ground at «n «Ititud« h above it, with an 

annular Jet of total noneotum J being exhausted downward fro* 

th« perimeter of the plate. 

h ■ • ^■ 

>■ I 
~V777/77/777Z?'7:/   -, ■/■/. 7/  /?// /'/ 



• • • 

1 

Aa in thm two-4lMuloa*l cfm, m positiv* prcctur« will tallA 

up in the cavity fonwd hf tbm disc» th* Jet, and tbm 

«rvd th« j«t will curv« outward uatil it boco—a tmn%4 

gnmod. 

AHALTTICAL ATPKOXIMATIOS — Aa boforc, th« radius of curvaturo. 

Rf ia dafiiMd by 

* -iA 
whara J ia tha ■oncntua flux par unit "loagth" (length bolog 

aasaurad along « horizontal circtafarenca) of the Jot; that la, 

J - J/2n 

Defining tha initial Jat atrangth 

i J jo-2ir • o 

than - J - J0 JJL 
r 

»     Jo   ro whanca R - TT   zr* Ap    r 

Tha equivalant axpraaaion in th« two-diaensional caa« ia 

Ap I 
I 

wher«, in thia caaa, J ia constant along th« Jat.  rharafore. it 

is possible to apply the tvo-dlnanilona resulta (with appropriate 
1 

rascallng) directly to the axlslly sysnetric problem under 

conditions such that, along the fraa surface of the Jet* 

r /r« 1 
</' 

t .... - '-ä^^nH, rf T — . 
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Thlt cotuLittoa 1» strictly satlsflad If 

h/ro « I 

but th« approxlmat« solution will actually glva raasonabla 

auswar a ovar an laportaot part of tha ran^a of practical Intarast. 

Undar this approxiaatlon, 

*     J 
2irr R o 

Dafining 

b "  h 

Tha total life Is given by 

L - J cos • +  F. 
o   *> 

R «h/(l - sin eo) 

Fb " "o' ^ 

1 - sin e i 

"!{co,go+  2hA 

Tha augmantation fsctor is 

1 - sin e 
A-L/J^cos 9Q  +-w 

V 
snd tha optimum Jet angla is 

in 6 \ 
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Figur« 1 thus giv«« tbm approxlaat« »ogMnteLloa for th« «xtallv 

synactrlc cat« dirActly, if th« «btclatat «r« interpreted to 

b« value« of h/r rather than of h/h, 

GRAPHICAL APPROXIMATION — The radius of curvatvre of the jet 

sheet in a earidian plane in the axially synaatric case waa given 

as 

This can b« rawritten 

where 

R .tS.   !o 
" Äp r 

R • 
J  ro 

2wroAp r 

B/ro - 
J  ro 
2Fb r 

P - ^ 

P - v. 
n - r/ro 

A J 1 P "  2^7 " 2(A - cos  d   ) b * o' 

Given the augnientaclon  factor and 6 ,   th« dimcnslonlcss 

altitude,   t, • h/r  ,  can be determined approximately by « very 

simple graphical procedure.    While this procedure becomes rather 

laborious if an accurate answer is sought,  its consideration 

facilitates a clear understanding of both the exact solution. 
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dcrlved in the next ••ction, and ehe conditlont under which 

Ch« approxuwit« solution is «cc«pc«bl«. 

The graphical aolutioa 1« ««de possible !// dividing i) 

Into increaents and aasiaalng that ch« pare of Ch« J«C p«Ch 

lying wichln a given Increment is aaticfactorily represented 

by an arc of radius 

i 
where n    is  Che mean value of n wichln the increment;  Chat is, 

Che value of n •t (be center of Che increment.    The solution 

«ay be made as accurate as one pleases,  by Caking Che incr«> 

»enta of t\  sufficiently small. 

The procedure Is illustrated in Figure 2,  for Che case 

9    m -m/k,  augmentation factor ■ 2.41,   taking incrementa of 

0.03 in r).     The Jet path corresponding  to the analytical 

approximation is also shown in Figure 2 for comparison.     Note 

that  Che analytical approximation is equivalent to choosing 

one large increment of r) (having its cencer at T) - 1) which 

includes Che entire free path of the Jet.    The graphical approx- 

imation is  thus Che more exact of the  two. 

Some refinements of the procedure outlined above are 

obvious,  but will not be discussed since Che graphical approx- 

ImaClon is noC proposed as a practical  technique. 

. 
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EXACT SOLUTION — Tbm «quation« d«floltt» thm path of tU J«t 

•r« 
d>      1     ^b   r 
3» " R "   J   F? 

r ^ r    + o f        »iu B da 

wh«rt 6 is the angle of lacliottlon of th« Jet at any poiat 

naasurad (positive outward) fro« the vertical la a aerldian 

plane, and a la the curvilinear distance froa the nozzle to 

the point oeaaured along the Jet in a neridian plane. 

/ 

A 
/ ''.' //>;/////''////'/////;l/s/////// 

In addition to the dimenslonleas quantities p,   n.   Ö.   already 

defined,   the following parameters will be Introduced: 

o 

o - a_ 
r 

The equations now bee owe 

h_ 
r 



I 
4*       In 

■. 

i 

- 

■ 

■ 

t 

* 

,,,! + [    »in 9 do 
o 

dta.=.lonU.. .UUud.. I. 1. «U^ » ch. .W. .,«- of 

•quaclons by: tf 

( . f    co« e do 
-'o 

r9*-n/2 
K m co» e do(e) 

OHfr-tUtin» th. fust two di^sicnl... equ-tions above 

with r««pect to a gtve» 

d»e      1    dt^ 

„ ^uatlon. cotnbln* to th. single «quation These «qu« 

0-1 •1"s 

Multiplying both sides hy    2 ^ do gives 

do d_ (di) d0 . | «in e 
2 do do Mo'     ß 

i sin e de 
* ÄZ   Äi,  Mo' "'  ß 
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Integrating, 

(£)" 2 
- -z co» • ■♦• const. 

P 

evaluating tb« constant fro« tha initial condition«, 

" . - o, || - i, . - .„ 

/ de \» 2 *      I 2 * 

g . /|    /^o« e   + 1- - cos e Q     ff   r *mh Jc 

Vv/008 9o + Iß - "^ V 
The axprasslon for ( can now be introduced to giva 

-   f^8-ir/2 
^ -       '   cos 9  do l 

'I v 2 

*/2 r cos 0 do 

^   v     o  2p 
o 

This is  the desired solution,   reduced to quadratures.    Unfortu- 

nately,   tha result of tha Integration indicated cannot be ex- 

prcaaed in closed form using •laroancary functions.    The inte- 

gration is readily perfonad,   however,  by any of several numerical 

procedures. 

It will be recalled from the approximate analyses that the 

optloum value of 9    Is always negative.    Confining our attention, o 

i 



I -u- 

than, to thm r 

0     <   0 
A       — 

it will b« not«d that thm intagral ha« a raal valua 00X7 if 

^ 'o 4 lß) ^ l 

i 
Thlt arioaa froa tha fact that, if (cot 0 -f —) < 1, the tbaory 

predict« that the jat will converge on the exi« at the angle 

e - co» " (co» 9o  + ~) 

This result» Implying a stagnation point in the Jet on ttie axis, 

is inconsistent with the mathematical model assvned and is with- 

out interest in the present discussion. 
I 

Note that the tena (cos 6    + —)  Is equal to the aug~ 

oentatlon ratio.  A: 

A - L/J - cos 8
0 + jß 

The solution can thus be rewritten 

i - 
2 ft 

1 r*/2 

A - coi *o Je      v 

cos  9 dg 

,A  - co« 0 

In the limiting case, A ■ 1,  the jet will converge on the axis 

«sympcotlcally,   ao that 

aa A -* I        , \ —*~ - 

This result is of academic interest,  at least,  since it shows 

that the ideal axielly synoetric Jet (unlike the two-üimensional 

esse) will support a finite positive Ap  (when 6    < 0) even at 

great altitudes. 
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It will b« noted that tb« lat«grsad» 

cos f 

Jk - corf • 

Is syntttrical About • • 0. 

Therefor«, 

r/2 r-K/2 f'6o 
cot g dt 1 cos g dt         I             co« 9 69 

„     V/A^ coc • "J a jT - cos * + J o 
o 

JjT^ cot •    *J 0 JA - cos * + J0        V
;A • co» 8 

Thus the labor Involved in evaluating ( cea be reduced to 

negligible proportions by tabulating e single function, »ay 

^ a).r9   pA^    . ro<e<V2 
J0   /A - cos o | A ^ 1 

.«/2 
C(A)      ' "I )0      JT^ cos e 

The desired solution would then be simply. 

6   < 0 I . I --   |G(M + 8(A.-eo)l 
2 JIT' cos eo L J 

t.—^^   I—   —0M I  [CIA)  - g(A,8o)1 
- co» 8   L J 2  JA 

Values of the required function are presented for a few values 

of A In Figure 3. 

Figure M present» soae results fron the exact theory in 

the  form of conscant-augncntation contour»,  a» fvmctioa* of 



• 
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•   and h/r . «nd plot« of auoMMUtloa factor varsus V^ *or 

a o o 

•   • 0 and •    - 9 o o        o AvgjMiatatioa factor curva» according 
opt 

to tha approxlaata theory and according to an approxiaata 

analyils (••« Appendix) of «xparlatntal ratulta fron Rafartnca I 

art alto praaantad,  for caa|>arlton.    It It tatn that tha thaory 

It in raatonabla agraanant with cxptrlnant and that tha approx- 

laste and exact tolutiona do agraa satltCaccorlly at low vtluat 

of h/r . o 

tha cxpariaactal car-'» la Figure U htppana  to agree alnotc 

exactly with the approximat«-theoretical curve.     Thlt ax^tri- 

nental curve waj.   Itself,  derived from Reference I (Appendix A) 

by an ap*   jxlaata method,  howaver, and It thould not be concluded 

that the approximate thaory will,  in general,  give more realiatic 

results than tha exact theory. 

EFFECT OF INCIDENCE 

If the stationary nozzle it not parallel  to the ground, 

but tilted at an angle a to the ground,   the flaw picture becoaet 

soaewhai altered. 

To avoid confuting the definitions of parameters,  the 

aozile will be considered to be horizontal and the ground to be 

inclined at an angle a.     The flow pattern and aerodynamic forces 

are, of course, the same in this case as if the ground were 

horizontal and the nozzle inclined at an angle a. 
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yfs^^ 

sc>* 

TW0-DIMENS1OKAL CASE —  It 1* «pp«r«nt fro« the sketch that 

if the Jetc er« of equel strength end engle,  end the pressure 

(p + Ap)  is constent within the cavity,   it Is no longer possible 

for both jets to cone tengent to the giound.    The pressure 

(p + A?) will adjust itself until the Jet fross the "high" side 

of the plete cooes  caajgent to the ground, end the Jet fro« the 

"low" side will impinge on the ground and split into two parts, 

the inward-de flee ted part eventually merging with the Jet fro« 

the high aide.    The pressure rise,   Ap,   in the cavity is thus 

dr.fined by conditions at the high side of the plete: 

Ap - J/R 

h*  - R' 1 - 8in(a + e  ) ] 
i * o    J 

h* - h cos o + b/2 sin a 

hcos a + b/2 sin a 



* 

«f . I - .IM« ♦ •) 

i 

■ I 

:. 

^ * h   .cos o ♦ (b/2h} «la « 

Th€ augn^ntatlon factor 1« thus 

| i • si» (« ♦ •0) 
2j " ^ •o * (aro cos I ; «la a 

Sloe« the SSSDC result applies no »att%; which side of the plate 

is high» a Is always takaa to ba positive. 

AXIMJLY STWIETriC CASE — A rather coopllcated sltuatloa erissi 

when the axlally synaetrlcal annular noazle Is placed above a 

ground at Incidence. If It is assmed that a uniform pressure 

rise will occur in the specc enclosed between the Jet, disc, and 

ground, It Is seen that the pressure rise Is Halted to that Ap 

which the nost vulnerable part of ehe Jet (that Is, the part of 

the Jet originating at the highest point of the nozzle) is 

capable of sustaining. If this part of the Jet comes tangent 

to the ground, all of the other perts of the Jet will impinge 

on the ground at a finite angle and split, part of the Jet 

leaving the point of latplngement in an outward direction along 

the ground, and part Inward. Whereas chls Inward motion of 

part of the jtc created no special problem in the two-dimensional 

case. It has disturbing implications in the present case, since 

the .nwstd-dlrected pert of the Jet Is converging on Itself. 

If the assumption of a thin, nonalxing (Invlscld) Jet were main- 

tained, an »xcremely complex flow would establish Itself Inside 



thm cavity, and thm m~tvmptSon of coos Cant prcssur« las Id« th« 

cavity would b« conrradlct^d.    Tha ■achanatical difficulty can 

b« raaolvad by adaltclo« vlacout action b«tw««a tha J«t and tha 

ground;  tha Initially chin«  higb-«pa«d Jat will  than losa its 

noaantuB aftar only a short contact with tha ground,  and tha 

assumption of constant pressure within tha cavity can ba Justi- 

fied.    This pseudo-ideal jet flow» which nanifests no viscous 

interaction with ehe air past which it  flows in its free path, 

but which does manifest viscous action aftar contact with tha 

ground,  is certainly a closer approximation  to the real  flow, 

in the case of incidence,   than the completely ideal Jet flow 

considered up to now.     It muse be acknowledged,   however,   that, 

in the case of a real annular Jet at incidence,  a very con- 

siderable quantity of air will b« recirculating  through the 

cavity and escaping along the ground under the most, vulnerable 

part of the jet.    The  theoretical solutiona  cannot,   therefore, 

be expected to give equally reliable estimates of the real behavior 

as  in the case of zero incidence. 

As in the case a « O,  an approximate solution for the 

axially symmetric case,   valid at slight  incidences and at low 

altitude«,  can ba immadlately extracted  from the  two-dimensional 

solution.    The result la 

2nr        h cos a + r    sin a o o 



-20- 

A-       a I ' *ln (tt 1 9a) 
A - co« «ro ♦ 2h/ro cos o -i- 2 sla a 

If th« exact solution Is d«alred,  th« following nil«  1« Applied 

in lieu of generalizing th« previous exact solution: 

The augmentstion factor, A.  for an annular noszle with 

initial jet angle 0 , at an altitude h/r    above a ground in- 

clined at an angle a, bears  the  following relation to  the «ug- 

mentation ratio A*  for an annular nozzle with initial Jet angle 

(ö    4 a] at an altitude (h/r    cos a + sla a) above a  level *  o o 

ground: 

A - A*  - cos(9    ♦ a)  ■»• cos 6 o o 

or,  stated more concisely« 

A(0  ,  i) - A'Ce',   I*)  - cos »  •  + cos 9 
o o o o 

where e»  - 0    +0 o        o 

i* » hVr    - I cos o •♦■ sla a o 

Theoretical curves of augmentation factor versus h/r    for 

0s and 13*  incidence are compared In Figure 5 to curves derived 

from the experimental results of Reference I.    It is  seen that 

the theoretical curves are  in qualitative agreenent with experi- 

ment,  but the Quantitative agreeaent is not as good with inci- 

dence as without. 

"ANNULAR"  NOZZU OF ARBITRAI.Y PLAN FORM 

The approximate method o£ calculation can be applied inne- 

diately  to a noizle of urbitrary plan form. 

1 
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^ 

^u_j rfy 

t ptAt: T 
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As before,  the b«l«nce of scatlc sod centrifugal pressures ac 

a point on the free jet la given by, 

^^      R      r" 

where r*   is the local radius of curvature of the nozzle in plan o r 

view,  and r*  is the horizontal distance of the point from the 

vertical axis  through the local center of curvature of the 

nozzle. 

if « i - 

then Ap R 

If the jet is of uniform strength at the nozzle exit,   then 

j    - J/C where C is the perimeter of the nozzle,  and 

1  -  sin »o A * cos 9    +  Li 2 
o hC/S 

where S is the area of the base enclosed by the nozzle.    Note, 

however,   that the restriction 

h/r^ « 1 

is a very strong restriction indeed for plan forms where the 
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BlnUMB radius of curvature la a «mall fraction of Che aaxinua 

\ diaaoaion of the plan for«. 
i 
i Nota that« according to tha above approxintata aaqpraiaioa, 

I if aozzlat of different shapes» but of the saa« piaa-fora area 

and at the saae altitude» are coopered on the basis of augmenta- 

tion, the optimum shape vill be circular» since the clrcia has 

tha least possible perloeter for e given area. 

When an exact solution is attempted for an ideal Jet of 

arbitrary plan form, a serious difficulty arises.    Consider, 

for example,   the sisiple csse of an oval consisting of e rectangle 

and semicircular ends. 

i 

i -r-     -^ 
t. 

r i 

/' //'' / V / ' 'S/, V/777777 
If, as before, e constant pressure (of sufficient magnitade to 

bend soae part of the jet to tendency with the ground) la assumed 

to exist in the cavity, the parts of the jet exhausting froa 

the sides of the ovsl will behave exactly as In the tvo-dioensional 

case, and the parts exhausting from the ends of the oval will 

behave exactly as in the axially synnetric case. 

i 



If th« strength« of th» parts of the Jot oxhouttlng fro« 

tho straight and curvod ports of tho nozzlm tncm odjuttod tc 

j      and J    ,  roipoctlvclj, in such a way that «11 part« of tho 

Jot come tangent to the ground« then 

^ - b/l ^Ai -co* V - r72 (A« * ^ 9o 

Jot Aa - coe >o 

j      " z A,  - coe e 

where A^ and A are the «igeeotatton factors for a twj- 

diftoaalonel Jet at dlaeosionleta altitude h/h «od for an axially 

syuavetric Jet at diocntionless altitude h/r . respectively, 

(taken, for example, from Figures I end %, respoctlvely). The 

augmentation factor for the oval is, in this case 

ib ♦ irr » 
A m   ~ 2—__-„ + cot # 

A, - COS d    A, - COS i i.      o   a      o 

It is posaibla to work out similar "exact'* solutions for many 

plan forms bounded by straight lines and arcs, but none of 

these solutions are strictly valid. In the exanple of the 

oval, if one examines the Jet path in a vertical plane through 

the diameter of one of the semicircles, the Jet sheet is found 

to be discontinuous. The shape of the Jec path is slightly 

different for the "two-dimensional'* and "axially symmetric" 
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parts of th« jtc, tsd cNrr« will b« a crack in Cha aurfaca of 

tha Ida«I Jat, which 1« Inconaittatic with tha atiuaptioa of a 

unlfona potitiva prattura withla tha cavity.    Such iocooaiat- 

ancia* ari«« whanaver tbara ara discoatinuitias la tha (plan view) 

radiua of curvature of tha oossla. 

Daipita it» lack of strict validity» it is likaly that 

Chi« procas« of pacching cogathar axact solucioo« has a cartain 

dagraa of practical validity and rapracanca en iaprovad approxi- 

oaclea.    Tha real Jat has diffusive and cohesive propcrtie«, 

due to the turbulent Mixing, which will tend to resist the for« 

mation of "cracks" in the jat sheec.    No doubt the appearance 

of a Blnute crack in tha id«al jet «beet indicates a slight 

weakening of the corresponding real Jet sheec, but Chia affect 

should be small so long as Che rstio h/r* (r*        being th* o ._  * o . ^ min        &la 
mlnlinuu. plan-view radius of curvature of the ootzle) renains 

within reasonable bounds,  say less Chan one. 

This  improved approximation can be sxronarized as follows: 

1.    The distribution of local Jet strangth along tha nozzle 

should be 
Ap x* 

o 

Jo 1 - ein e 
.AElL as 

I 



wher« A" 1« the cugoMatAtloa factor for «a mxlallj «yeswcric 

DPZSI« «t dla«a«lonl«st altitude W** according to tta« «xact 

solution. 

2.    Th« augaoatatlon factor for tha noszlo undar conaldar- 

atlon 1« than glvan to an laprovad approxlmtloa by 

A* COt  ^♦^T 

whera J" 1« tha total Jat moroaatua,  obtalaad by Integrating 

tha local Jat atzength along tha clrcvafcranca: 

J" «   I      2(A" - co. d  ) dC 

With this Substitution, 

/f r» 
A «r co. "0 ♦ S/ J     -(A"  « co. ^  )    « 

c 0 

3.    This ioprovad approxlnata solution should be satis- 

factory for reasonably .mall altitudes compared to the nlnloua 

radius of curvature of the plan fona» say 

o . oln 

If the plan-view radius of curvature of the nozzle varle. con- 

tinuously along the circuafcrance» a., for example, la the case 

of an alliptical nozzle, this restriction on h/r*   nay be 

relaxed and the "Imp roved-«pproximate" procedure Indicated 

above yield, an exact solution. 

. 
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STABILITY OF TH1 JET - CRITICAL ALTITUDE 

It mmi  shown that, la th« Ida«I ca««, th« «ug»ontatlon 

factor for an axlally »ymtmtrlc  annular toozzl« parallal to th« 

ground with 9    equal to or last than zaro 1« alway» graatar 

than unity and approaches unity asyaptotlcally aa tba altitude 

la increased Indefinitely. Reference 1 shows» however, that 

the real annular nozsle with 9    equal to zero followa tola 
o 

theoretical trend enly up to a certain altitude (of the order 

of one or two diameters in the experiments of Reference i), 

called the critical altitude, at which point the augnentatlon 

factor suddenly drops to a value appreciably less than unity 

and reakalaa leas than unJty (and essentially constant) at all 

higher altitudes. The explaoation of this behavior lies In 

the turbulent mixing of the Jet. 

It was mentioned previously that the real Jet tends to 

entrain air from the base cavity. At low altitudes, this 

tendency is satisfied by a shallow impingement of the Jet on 

the ground, which feeds part of the Jet air back into the 

cavity to replace the air entrained into the Jet. At high 

altitudes, on the other hand, even if atmospheric pressure were 

somehow maintained within the base cavity, the turbulent expan- 

sion of the Jet would seal off the base cavity long before the 

Jet reached the ground. 
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One« Chi« happ«a«.   the «ntrainment of air fron Che cavity will 

Cand Co create a vacuum,  and, undar tha influence of a negaci*a 

Ap#   Che Jet will curve inward and converge» at some angle 9  , 

Co a stagnation point at the axia of Che nozzle.    From thle 

pome, pare o£ Ui« Jat air will be deflected upward into the 

cavicy,   thus  replacing toe air removed by encrainment, and the 

rest will  be deflected downward along Che axis of the nozzle 

in Che form of a "sclid"  (nonannular)  round jet.    An equilibriua 

is reached when the Ap has fallen sufficiently low co curve the 

jet sharply enough so that the impingement angle« 0 ,  la suffi- 

ciently steep  Co deflect as much air back up  into Che cavity es 

is being entrained from it. 

Tha equillbriun value of Ap depends upon Che nixing »rop- 

ercies of Che Jet flow and is Chus not readily susceptible to 

calculation.     If Ap (or A)  is given,   Che Jec pach can be calculated 
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cs bcfor«,  for « ps«udo-i(t««t jet,  by «quxtlng th« static 

pr«ssur« dlffertoc« to the c«ntrifug«l pranaur« and ignoring 

tha Inconaistancy Involved in having fluid daflactad back Into 

tha baa« cavity (or making «ooa avitabla attuarptlon to account 

.for it).    The equations and tha fora of tha solution are the 

same aa before.    The quantity of interest is x  > the distance 

of the atagnation point below the nozzle. 

>7Z77Z7 
It seems reasonable to suspect that x la of the sane order of 

magnitude as the critical altitude, h , sinca the type of flow 

under consideration can exist only if h is greater than x . 

This quantity is given by 

1 
x /r -  _ 
c 0  2 /cos e 

-1. 
^COS  A        a ja r cos 9 d9 

A 
o    J Jco» 9  -~A 

Some results of numerical integration of this formula, for 9 

equal to zero, are presented in Figure 6. Also indicated in 

Figure 6 are the approximate ranges of critical altitude, 

• 
> 

• 

• 
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h /x ,  and of augmentation factor,  for h > h „  encountarod la 
CO c 

tha  tests of Reference 1.     It la aaan that cha experlmantally 

.   detanalnad rangea are qulta conalstent with tha notion that 

s a» h c        c 

Thla la of little more than acadaaic Inttreat,  of course,  sloe«, 

avan If thla relationship «rare rigorously subatantiatad»  experi- 

ment would atill have to be railed upon for values of A for 

h > h , and ao one had Just as wall rely upon exparlmant for 

values of b    directly, c 

An interesting feature of the above concept of the Jet 

behavior nsar tha critical altitude is tha apparent likelihood 

of a "hysteresis" effect in the curve of A versus h.    It would 

seem likely tnat tha discontinuity in this curve would occur at 

a higher altitude when the nozzle is raised slowly from near the 

ground than when it is lowered slowly from a considerable height 

(as considnred here and In Reference 1). 
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R«f«r«ncc 1 Micher conflnu cor d«nl«j tb« «xiitcac« of Chi« 

•ff«cc. It will hm  lDter«teing to observe whether such «a 

effect 1» revealed by future experiaent*. 

CONCLUSIONS 

Celcuietlons based on the eeeueptlon of e thin« nomixiog 

Jet ere found to give result« in reesoneble agrieacnt with 

available experimental results and will probably give reasonable 

results over nost of the range of practical interest. The errors 

incurred in neglecting the Jet mixing become important when the 

nozzle is at high angles of incidence to the ground and when 

the nozzle is at altitudes near the critical altitude. At alti- 

tude« above the critical altitude, the mixiug plays a primary 

role in determining the flow pattern, but certain features of 

the flow can still be correctly represented by ideal-Jet calcu- 

lation«. 

Aercdynanics Laboratory 
David Ta-lor Model Basin 
Washington, D. C. 
July 1957 
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APFEKDIX 

APPROXIMATE ANALYSIS OP EXPERIMENTAL DATA 

PROH REFEREMCE 1 

Th« results pr«»«nt»<J la Rftfcrenc* 1 «r« frc*«atcd largely 

la c«rK« of enpirlcal per«ft«t«rt. In order to coavert thee« 

results Into e »uluTble fore for coaperiaon with t>ic theory 

(1.«, Into augoentatloo factor versus h/r ) with a mlniann of 

labor, several simplifying approximations were employed: 

1. Figure 10« of Reference 1, presenting (in the nomen- 

clature of Reference 1) 

¥lW fe)   —k 
was assumed to represent adequately all of the experimental data 

on which it was based. 

?.  The jet momentum was assumed to be adequately approxi- 

■ated, over tha range covered, by 

/'P N'0-20 

^  lJav vPo 
J - 1.67 A. P.   i ~ 

where P.       Is the difference between the jet total pressure, 
^av 

P ,  and the average static pressure within the free jet.    This a 

expression.  If applied to a jet with uniform static pressure, 

implies a nozzle loss (compared to the theoretical momentum) 

ranging  from 13 percent at a pressure ratio of 1.2 to U percent 

at a pressure ratio of 2.6. 
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3. The «verag« ttAtlc preaiurc within th« fr«« J«C v«f 

«isunad to b« th« «rlthactlc sMMin of th« prtisura wlthlo th« 

cavity «rd th« «cai£«ph«ric pressure outs Id« th« J«t.    Thus 

where F./A.   In «qulvalent to the'hp" employed in the present 

report.    Th« required values of F./A.P, were taken fro« Figure 8 

of Reference 1. 

With thes« approxiustions,   the augmentation factor.  A, 

wss calculated from 

r F,. 

l^ifi 

A. \0.i5.PnvO.ao. 

\ \Po 

lAt, 

0.15 
1 - 2AbP 

J. 

This result iaplles  that, within the range covered by Figure  lOe 

of Reference  1,   the augmentation is,   for practical purpoies, 

independent of  the nozzle pressure ratio. 

Reference 1 presents sufficient information to permit the 

results of the tests of three nozzles  (nozzles A,   B,   and C 

having nozzle widths of 0.101 D. ,  0.070 D.   and 0.053 Du»   respec- 

tively) to be reduced by  the above formula.    Upon performing 

the calculatious,   it was  found that the results  for  the three 

nozzles could be represented (within about  12 percent) by a 

single curve of augmentation factor versus b/D.. 
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Th« bat« «r««, "»fDv*/*» of Rcfsrenct 1 corresponds Co th« 

disc *r«* «r * of th« pr«««iit report. Th« corr«spood«ac« io 

«Icitud« p«r«MC«r Is thu« 

h/ro - 2 V^ 

REFKRENCK 

1. Von Glahr, IV« H. Exploratory Study of Ground Proximity 

Effects on Thrust of Annular and Circular Nozzles. 

Wash., Apr 1957. *8p. incl. 11las.  (National Advisory 

CoHiitt«« for Aero&autlcs. TN 3982) 
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